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Abstract
High density behaviour of nuclear symmetry energy is studied on
the basis of a stiffest density dependence of asymmetric contribution
to energy per nucleon in charge neutral n + p + e + µ matter under
beta equilibrium. The density dependence of nuclear symmetry energy
obtained in this way is neither very stiff nor soft at high densities and
is found to be in conformity with recent observations of neutron stars
PACS: 21.65.+f; 26.60.+c
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1 Introduction
The behaviour of nuclear symmetry energy Es(ρ) at high densities ρ is very
crucial for the understanding of many astrophysical phenomena such as chem-
ical composition and related mechanisms in the process of formation of neu-
tron stars. Significant progress has been made to constrain the nuclear sym-
metry energy at low densities from dynamical behaviour [1, 2], resonances
and excitations [3–7], static properties of finite nuclei [8–12] and neutron skin
thickness [13–18]. However, the high density behaviour of Es(ρ) is not yet
well determined, particularly, at densities much above the saturation point
ρ0 and at densities that occur in neutron star core. There is no experimen-
tal evidence (from terrestrial laboratories) about the density dependence of
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Es(ρ) at these densities. To obtain any description of high density behaviour
of Es(ρ) we are therefore forced to extrapolate a theory which is well tested
merely around saturation density ρ0. These extrapolated results of Es(ρ)
at high densities as predicted by different theoretical models are extremely
divergent and even contradictory [19–23]. However, recent observations of
neutron star cooling [24–27] suggest that fast cooling through direct URCA
(DU) processes should not occur at least in typical neutron stars with masses
in the range 1− 1.5M which means that Es(ρ) should not be very stiff at
high densities. Arguments in support of non-occurrence of DU processes in
neutron stars has also been arrived at in the works of Page et al. [27], Basu et
al. [28] and Centelles et al. [29]. Basu et al. have examined the compact star
cooling phenomenology using equation of state (EOS) of asymmetric nuclear
matter (ANM) obtained from density-dependent M3Y interaction (DDM3Y).
Centelles et al. [29] have reached in this conclusion from the calculation of
transition density between crust and core in their work on probing the nuclear
symmetry energy from the measurements of neutron skin thickness of nuclei
across the mass table. In some of our recent works, we have also investigated
the temperature and density dependence of nuclear symmetry energy using
finite range effective interactions [30,31].
In the present work, we study the high density behaviour of nuclear sym-
metry energy on the basis of a stiffest density dependence of asymmetric
contribution to the energy per nucleon in beta equilibrated n + p + e + µ
matter, i.e., neutron star matter (NSM) and examine its relevance to the DU
constraint mentioned above. Our starting point is the energy per nucleon
E(ρ, Yp) in ANM at zero temperature and can be written as,
E(ρ, YP ) =
1
pi2ρ
[f(kn) + f(kp)] + V (ρ, Yp), (1)
where, ρ = ρn + ρp is the nucleon density, Yp =
ρp
ρ
is the proton fraction and
kn,p are the neutron and proton Fermi momenta corresponding to densities
ρn and ρp . The first term involving the square brackets is the kinetic part
and V (ρ, Yp) is the interaction part of E(ρ, Yp) . The kinetic part is treated
in the relativistic Fermi gas model and the functional f(ki) with i = n, p is
defined as [32,33],
f(ki) =
∫ kf
0
(
c2~2k2 +M2c4
) 1
2 k2dk, (2)
In general V (ρ, Yp) has a complicated dependence on ρ and Yp due to finite
range exchange interactions between nucleons. However, the isospin symme-
try allows to decompose it in a series of even integral powers of (1 − 2Yp)
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where the contributions coming from higher order terms are very small com-
pared to the leading quadratic term [34]. But depending on the nature of
finite range exchange interactions operating between like and unlike nucle-
ons, the higher order terms can have importance in certain situations such
as the onset of DU processes in NSM [35]. Also the higher order terms may
have some relevance in predicting the masses of finite nuclei in addition to
other effects [ [36] and references therein]. However, to maintain simplicity,
we ignore higher order terms so that E(ρ, Yp) takes the form
E(ρ, Yp) =
1
pi2ρ
[f(kn) + f(kp)] + V0(ρ) + (1− 2Yp)2Vs(ρ), (3)
where V0(ρ) is the interaction energy per nucleon in symmetric nuclear matter
(SNM) and Vs(ρ) is the interaction part of nuclear symmetry energy Es(ρ) .
The more important quantity for our purpose is the asymmetric contribution
Easy(ρ, Yp), which can be expressed as
Easy(ρ, Yp) = E(ρ, Yp)− E0(ρ) (4)
=
1
pi2ρ
[f(kn) + f(kp)− 2f(kf )] + (1− 2Yp)2Vs(ρ),
where, E0(ρ) is the energy per nucleon and kf is the Fermi momentum in
SNM. We now analyze the high density behaviour of the functional Easy(ρ, Yp)
in NSM to constrain the density dependence of interaction part of nuclear
symmetry energy Vs(ρ) . The calculation of Easy(ρ, Yp) in NSM, i.e.E
NSM
asy (ρ, Yp),
would require the additional conditions of charge neutrality,
Yp = Ye + Yµ (5)
and beta equilibrium
[µn(ρ, Yp)− µp(ρ, Yp)] = µe(ρ, Ye) = µµ(ρ, Yµ), (6)
where, Yi =
ρi
ρ
with i = e, µ are the electron and muon fractions in NSM
and µi with i = n, p, e, µ are the respective chemical potentials of neutron,
proton, electron and muon. In this work both the leptons, e and µ are
described as relativistic ideal Fermi gas. The difference between neutron and
proton chemical potentials in eq.(6) can be given by −∂E(ρ,Yp)
∂Yp
. This can be
used to express the beta equilibrium condition in the form,
3
{[
c2~2k2f (2(1− Yp))
2
3 +M2c4
] 1
2 −
[
c2~2k2f (2Yp)
2
3 +M2c4
] 1
2
}
(7)
+4(1− 2Yp)Vs(ρ) =
[
c2~2k2f (2Ye)
2
3 +m2ec
4
] 1
2
=
[
c2~2k2f (2Yµ)
2
3 +m2µc
4
] 1
2
,
where, me and mµ are the rest masses of e and µ . For each nucleon density ρ,
eq.(7) is to be solved subject to the condition in eq.(5) to calculate the frac-
tions of n, p, e and µ in NSM. The equilibrium proton fraction Yp(ρ) obtained
in this way can be used in eq.(4) to calculate the functional ENSMasy (ρ, Yp) in
NSM.
At a given density ρ we now examine the behaviour of equilibrium proton
fraction Yp and the functional E
NSM
asy (ρ, Yp) in NSM with increasing repre-
sentative values of Vs(ρ). It is obvious from eq.(7) that at a given density
ρ, the equilibrium proton fraction Yp in NSM would increase steadily with
increasing values of Vs(ρ) . This is illustrated in Figure 1(a) at four different
high densities, ρ = 0.4, 0.8, 1.2 and 1.6fm−3. For n + p + e + µ matter in
beta-equilibrium, DU processes become operative when the proton fraction
exceeds a critical value calculated from the condition Y
1
3
n = Y
1
3
p + Y
1
3
e and/or
Y
1
3
n = Y
1
3
p +Y
1
3
µ . It should be mentioned here that the critical value of proton
fraction in n + p + e + µ matter in beta-equilibrium is around 0.11. This
critical value of Yp for a given density ρ corresponds to a limiting value of
Vs(ρ) as can be seen from Fig.1(a). The limiting values of Vs(ρ) beyond which
the proton fraction would exceed its critical value to allow DU processes at
different high densities ρ are denoted by [Vs(ρ)]threshold. The density depen-
dence of [Vs(ρ)]threshold is given in Fig.1(b) and marked as curve A. Curves of
Vs(ρ) which pass above curve A would allow DU processes to occur, whereas,
DU processes can not take place for those passing below it. The behaviour
of the functional ENSMasy (ρ, Yp) in NSM at different given densities ρ with in-
creasing representative values of Vs(ρ) is shown in Figure 1(c). Unlike the
behaviour of Yp(ρ) given in Fig.1(a), E
NSM
asy (ρ, Yp) shows a much smaller vari-
ation over a wide range of increasing values of Vs(ρ). It is further seen from
Fig.1(c) that for a given density ρ the functional ENSMasy (ρ, Yp) attains a max-
imum value corresponding to a critical value of Vs(ρ) , i.e., [Vs(ρ)]critical. The
density dependence of [Vs(ρ)]critical is given in Fig.1(b) and marked as curve
B. In Fig.1(b) we have also shown another curve of Vs(ρ) below curve B,
namely [Vs(ρ)]soft and marked as C, such that curves A and C are equidis-
tant to B. The high density behaviour of ENSMasy (ρ, Yp) calculated with the
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three different curves of Vs(ρ), namely A, B and C, are given in Figure 1(d).
We note that the curve of [Vs(ρ)]critical gives rise to the stiffest high density
behaviour of ENSMasy (ρ, Yp) over the entire range of density shown. The two
other curves of ENSMasy (ρ, Yp) obtained with [Vs(ρ)]threshold and [Vs(ρ)]soft are
identical and very close to the stiffest one mentioned above. Thus all curves
of Vs(ρ) which pass in between A and C in Fig.1(b) would give almost the
same high density behaviour of ENSMasy (ρ, Yp). On the other hand, when we
calculate ENSMasy (ρ, Yp) with curves of Vs(ρ) on the higher and higher side of
curve A / lower and lower side of curve C, its high density behaviour will de-
viate more and more from the stiffest one. This is also shown in Fig.1(d) by
considering two equidistant curves of Vs(ρ), one above A and another below
C. Comparing Figs.1(b) with 1(d) we note that under the condition of beta-
equilibrium, the range of the functional ENSMasy (ρ, Yp) shows a much smaller
variation over a wide range of density than exhibited by the corresponding
curves of Vs(ρ) . In view of this, the high density behaviour of the functional
ENSMasy (ρ, Yp) can be regarded as universal to a good approximation in case
of nuclear EOSs for which Vs(ρ) is neither very stiff nor soft compared to
the curve of [Vs(ρ)]critical. Nuclear EOSs for which the density dependence of
Vs(ρ) pass in between curves A and C in Fig.1(b) do not allow DU processes
to occur and simultaneously fulfil the universal high density behaviour of
ENSMasy (ρ, Yp) . Klahn et. al. in their work [37] on formulating a scheme for
testing nuclear matter EOSs at high densities using constraints from neutron
star phenomenology and flow data from heavy-ion collisions have noticed
this universal high density behaviour of the functional ENSMasy (ρ, Yp) for five
numbers of EOSs out of the total eight relativistic EOSs considered in their
work. All the curves of ENSMasy (ρ, Yp) for these five EOSs form a narrow band
over a wide range of density and these EOSs are also found to satisfy the
DU constraint obtained from present cooling phenomenology [24–27]. The
curves for rest three EOSs deviates widely from this universal behaviour and
also do not satisfy the DU constraint. This universal high density behaviour
of ENSMasy (ρ, Yp) has been used in a recent work [38] in constraining the pa-
rameters of the finite range interaction used in the study of EOS of ANM
and recent observations on neutron star bulk properties. The EOS of ANM
constrained by using this universal high density behaviour of ENSMasy (ρ, Yp)
conforms to the DU constraint alongwith providing a satisfactory descrip-
tion of the observed neutron star mass, radius and, in particular, the free
baryonic gravitational mass relationship of pulsar B in the double pulsar
system J0737-3039 [32, 33]. It is to note here that the values of the func-
tional ENSMasy (ρ, Yp) corresponding to the universal behaviour obtained as a
function of density in the cases of the EOSs constructed from relativistic
and non-relativistic considerations in Refs. [32] and [33], respectively, are in
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Figure 1: (a) Steady increase of equilibrium proton fraction Yp(ρ) with
increasing values of Vs(ρ) is shown at four different high densities, ρ =
0.4, 0.8, 1.2 and 1.6fm−3. (b) High density behaviour of the functionals
[Vs(ρ)]threshold, [Vs(ρ)]critical and [Vs(ρ)]soft marked as curves A, B and C,
respectively, along with two equidistant curves of Vs(ρ), one above A and
other below C (see the text for details). (c) Variation of the functional
ENSMasy (ρ, Yp) in NSM with increasing values of Vs(ρ) at four different high
densities, ρ = 0.4, 0.8, 1.2 and 1.6fm−3 and (d) High density behaviour of
ENSMasy (ρ, Yp) calculated with the five different curves of Vs(ρ) in Fig.1(b).
close agreement with the model independent values found in this work. In
this context it can be mentioned here that although recent observations of
neutron star cooling [24–29] suggest that fast cooling through DU processes
should not occur in neutron stars and the universal high density behaviour
of the functional ENSMasy (ρ, Yp) leads to a density dependence of Vs(ρ) in con-
sistent with these observations. In the remaining part of this work we use
the stiffest high density behaviour of ENSMasy (ρ, Yp) to constrain the density
dependence of interaction part of nuclear symmetry energy Vs(ρ).
Up to this stage the high density behaviour of Vs(ρ) as well as the ap-
proximate universal density dependence of ENSMasy (ρ, Yp) have been described
in a model independent way in the sense that no specific functional form of
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Vs(ρ) involving adjustable parameters was used for the purpose. However,
this model independent description of high density behaviour of [Vs(ρ)]critical
gives significantly higher values when curve B in Fig.1(b) is extrapolated to
the low density region and are not in well agreement with those predicted
by nuclear structure as well as reaction studies [19, 39–43]. For example,
the value of [Vs(ρ)]critical obtained in this way varies from 32.8 to 33.6 MeV
for a value of ρ0 in the range 0.15 to 0.17 fm
−3 and can be compared with
the standard value of around 18 MeV [44]. In view of this it is necessary
to smoothly connect the low density behaviour of Vs(ρ) obtained from nu-
clear structure and reaction studies to the high density behaviour of curve B
shown in Fig.1(b). For this purpose we need a functional form of Vs(ρ). In
this context we note that the curve of [Vs(ρ)]critical in Fig.1(b) asymptotically
approaches a definite value when extrapolated to very large densities. Any
functional form chosen for Vs(ρ) must therefore fulfill this feature in the high
density region. On the other hand in the low density region, i.e.,ρ→ 0 , the
functional Vs(ρ) should behave as [28,45]
Vs(ρ)
ρ→0−−→ bρ, (8)
where, b is a constant. Out of the several functional forms of Vs(ρ) those can
be constructed consistent with the behaviour in both the asymptotic regions
discussed above, we consider the following two representative forms,
Vs(ρ) = A
(
ρ
1 + aρ
)
, (9)
Vs(ρ) = D [1− exp(−dρ)] , (10)
and examine their ability to reproduce the experimentally extracted con-
straints on nuclear symmetry energy. The two adjustable parameters in-
volved in each of these two functional forms of Vs(ρ) can be described by
Vs(ρ0) and V
′
s (ρ0) = ρ
dVs(ρ)
dρ
|ρ=ρ0 which are directly related to the symmetry
energy Es(ρ0) and the slope parameter L(ρ0) = 3ρ
dEs(ρ)
dρ
|ρ=ρ0 at saturation
density . In this context we note that while different theoretical models give
similar results of Vs(ρ0) they differ widely in the values of V
′
s (ρ0) [21,46]. In
view of this we consider the standard range of Vs(ρ0) in between 16 to 20 MeV
and vary V ′s (ρ0) to find out the critical values corresponding to the stiffest
behaviour of the functional ENSMasy (ρ, Yp) over a wide range of high densities.
The critical values of V ′s (ρ0) obtained in this way for both the functional forms
of Vs(ρ) in eqs.(9) and (10) are listed in Table 1. In calculating the results
given in table 1 we have taken standard values of Mc2 = 939MeV , energy
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per nucleon in SNM E0(ρ0) = 923MeV and
(
c2~2k2f +M2c4
) 1
2 = 976MeV
(corresponding to ρ0 = 0.1658fm
−3). The density dependence of Vs(ρ) for
different sets in table 1 are shown in Figure 2(a). All the four curves cross
over at ρ = 1.15fm−3 which is a consequence of the stiffest high density be-
haviour of the functional ENSMasy (ρ, Yp) calculated with these different Vs(ρ).
As a result of this, the stiffness of the curves for Vs(ρ) increases with increase
in the standard value of Vs(ρ0) for each of the two functional forms in eqs.(9)
and (10) in the region ρ < 1.15fm−3 and conversely for ρ > 1.15fm−3.
In this context it may be noted that the stiffness of the curve of Vs(ρ) are
very often characterized by three parameters, namely, the symmetry energy
Es(ρ0), the slope parameter L(ρ0) and isospin dependent part of isobaric
incompressibility Kasy(ρ0) =
[
9ρ2 d
2Es(ρ)
dρ2
− 18ρdEs(ρ)
dρ
]
ρ=ρ0
at saturation den-
sity. The stiffest high density behaviour of the functional ENSMasy (ρ, Yp) for all
sets of Vs(ρ0) in table 1 constrains the parameters L(ρ0) and Kasy(ρ0) in the
ranges 62MeV ≤ L(ρ0) ≤ 70MeV and −522MeV ≤ Kasy(ρ0) ≤ −449MeV .
These results are well within the ranges extracted from a combination of
analysis of neutron skin thickness in finite nuclei and isospin diffusion in
heavy ion collision [29, 43–45, 47–49]. It is worth to mention here that,
Agrawal et al. constrained this parameter from neutron skin of heavy nu-
clei to be L0 = 59 ± 13.0MeV [17, 18]. Analysis from isovector giant dipole
and quadrupole resonances of 208Pb nucleus provide L0 = 43 ± 26.0MeV
and L0 = 37 ± 18.0MeV respectively [5, 6]. Zhang and Chen from their
studies on electric dipole polarisability in 208Pb constrained L0 in the range
L0 = 47.3 ± 7.8MeV [7]. From the values of L(ρ0) and Kasy(ρ0) in table
1 as well as from Fig.2(a) it can be seen that the exponential form with
Vs(ρ0) = 20MeV (Set-IIB) and the other form with Vs(ρ0) = 16MeV ( Set-
IA) constitute the two extreme curves for Vs(ρ). The density dependence of
nuclear symmetry energy Es(ρ) obtained with these two extreme curves of
Vs(ρ) are given in Figure 2(b). The high density behaviour of [Es(ρ)]threshold
as well as [Es(ρ)]critical obtained from the two curves A and B in Fig.1(b)
are also shown in Fig.2(b) for comparison. The curve of Es(ρ) obtained with
Set-IIB is in good agreement with the curve of [Es(ρ)]critical over a wide range
of high densities. Moreover, the two curves of Es(ρ) obtained from Sets-IA
and IIB are significantly below the curve of [Es(ρ)]threshold. In view of this
none of the four different sets of Vs(ρ) listed in table 1 allows DU processes
to occur. The density dependence of the functional ENSMasy (ρ, Yp) calculated
with the two extreme curves of Vs(ρ), namely, set IA and IIB are given in
Figure 2(c). The stiffest high density behaviour of ENSMasy (ρ, Yp) obtained
with Vs(ρ) and given in Fig.1(b) is also shown in Fig.2(c) for comparison.
The three curves of ENSMasy (ρ, Yp) are almost the same over a wide range of
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Table 1: Critical values of V ′s (ρ0) for the stiffest behaviour of the functional
ENSMasy (ρ, Yp) over a wide range of high densities obtained with different stan-
dard values of Vs(ρ0) for both the parametrized versions of Vs(ρ) given in
eqs.(9) and (10). The corresponding values of nuclear symmetry energy
Es(ρ0), slope parameter L(ρ0) and isospin part of isobaric incompressibil-
ity Kasy(ρ0) at saturation density are also listed.
Vs(ρ) in eq. (9) Vs(ρ) in eq. (10)
[MeV] Set- IA Set- IB Set- IIA Set- IIB
Vs(ρ0) 16 20 16 20
V ′s (ρ0) 12.2 13.2 13.1 15.0
Es(ρ0) 28.8 32.8 28.8 32.8
L(ρ0) 61.5 64.5 64.2 69.9
Kasy(ρ0) -449 -496 -459 -522
high densities.
In context to the high density behaviour of nuclear symmetry energy
Es(ρ) discussed in the present work, it is interesting to note that recent stud-
ies on isoscaling of fragment yields [43] in heavy ion collisions have suggested
a simple form of Es(ρ) at low densities,
Es(ρ) = 31.6
(
ρ
ρ0
)0.69
(11)
with ρ0 = 0.16fm
−3, consistent with the experimental data. This form of
Es(ρ) at low densities is also consistent with the findings of Khoa et. al. [42]
from the study of experimental heavy-ion cross-sections in a charge-exchange
reaction with the Hartree-Fock calculation using CDM3Y6 interaction. The
density dependence of Es(ρ) in eq.(11) is also shown in Fig.2(b) for com-
parison. It is seen that the curve of Es(ρ) obtained with Set-IIB compares
very well with the results in eq.(11) upto a density ρ ≤ 0.4fm−3. How-
ever, the simple form of Es(ρ) in eq.(11) predicts a very stiff behaviour at
higher densities which allows DU-processes to occur and does not fulfil the
universal high density behaviour of the functional ENSMasy (ρ, Yp). In order to
complete the discussion on the different types of density dependence of nu-
clear symmetry energy found in the literature, we also show the symmetry
energy curve of Ref. [28] in Fig.2(b). The agreement of our curve for Set-IIB
with that of Ref. [28] is quite well upto the normal nuclear matter density ρ0.
The symmetry energy curve for the case of Ref. [28] becomes maximum at
about ρ ≈ 0.29fm−3 having value Es(ρ) ≈ 37MeV and thereafter it starts
decreasing becoming zero at ρ ≈ 0.73fm−3, as well as, the DU processes
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Figure 2: (a) Density dependence of Vs(ρ) , calculated with the critical val-
ues of V ′s (ρ) for different sets in table 1, (b) Density dependence of nuclear
symmetry energy Es(ρ) obtained from the two extreme curves of Vs(ρ) in
Fig.1(b), i.e., Set-IA and IIB. High density behaviour of [Es(ρ)]critical and
[Es(ρ)]threshold (see text for details) as well as the simple result of Es(ρ) in
eq.(11) and that of Ref. [28] are also shown for comparison and (c) Density
dependence of the functional ENSMasy (ρ, Yp) calculated with the two extreme
curves of Vs(ρ) in Fig.2(a) and compared with its stiffest high density be-
haviour obtained with [Vs(ρ)]critical (see text for details).
do not occur in this case at any density. The critical density at which the
symmetry energy vanishes predicts that the NSM converts to Pure Neutron
Matter (PNM) from this density onwards predicting the presence of PNM in
the core of the neutron stars for which density in the central region exceeds
the value of this critical density.
In conclusion it can be stated that the consensus view is that nuclear
symmetry energy should not be stiff in the high density region. However,
currently available experimentally extracted data from heavy-ion collision
experiments and informations on composition and cooling mechanism of neu-
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tron stars do not provide sufficient ground to pin down the degree of softness
of the high density behaviour of nuclear symmetry energy urging upon for
more detailed studies on these crucial aspects. In these efforts, it may be
suggested to examine the validity of the naturally occurring universality con-
dition, corresponding to the stiffest high density behaviour of ENSMasy (ρ, Yp) ,
discussed in the work that restricts the nuclear symmetry energy with in a
narrow region.
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